Abstract. we introduce a new class of a phase deformed magnetic berezin transforms and we give two formulae representing these transforms as a functions of the magnetic laplacian on C n . As a consequence, we give an inequality of diamagnetic type.
Introduction
The Berezin transform was introduced by Berezin [6] and [7] for certain classical domains in C. This transform links the Berezin symbols and the symbols for Toeplitz operators. The formula represented the Berezin transform as a function of the Laplace-Beltrami operator plays an important role in the Berezin quantization theory. Classically this transform is defined as follows. consider a domain Ω ⊂ C n and a Borel measure dµ on Ω. Let H be a closed subspace of L 2 (Ω, dµ) consisting of continuous function and assume that H has a reproducing kernel K (., .). The Berezin symbol A of a bounded operator A on H is the function defined on Ω bŷ A (z) = AK (., z) , K (., z) K (z, z) , z ∈ Ω.
(1.1)
For each ϕ such that ϕH ∈ L 2 (Ω, dµ) − for instance for any ϕ ∈ L ∞ (Ω), the Toeplitz operator T ϕ with symbol ϕ is the operator on H given by T ϕ [f ] = P (f ϕ); f ∈ H, where P is the orthogonal projector on H. By definition the Berezin transform B is the integral transform defined by: Now, taking into a count that the Berezin transform can be defined provided that there is a given closed subspace, which possesses a reproducing kernel, we are here concerned with the eigenspaces 
This Berezin transform can be expressed in terms of the Euclidean Laplacian as
(1.7) [2] where △ C n the Euclidean Laplacian on C n and (α) j ) denotes the Pochammer symbol and L (α) j the well know Laguerre polynomials. In this paper, we will be concerned with the following phase-deformed magnetic Berezin transform,
acting on the Hilbert space L 2 (C n , e −|w| 2 dν(w)). Explicitly,
(1.9) Here our aim is to express the "phase deformed magnetic Berezin transform" as a function of the magnetic Laplacian ∆ defined by (1.4) . The method used is based on the concrete L 2 -spectral theory of the operator ∆ [3] , together with the functional calculus for unbounded self-adjoint operator on complex Hilbert Space [8] , [1] , Precisely we establish the following results:
where the coefficients σ n,m j are given by:
This paper is organized as follows. In section 2, we recall briefly some spectral properties of the operator B m , and as a consequence we give its spectral functions. In section 3, the first part will be devoted for the proof of the boundedness of the magnetic phase deformed Berezin transform. In the second part, we give the proof of the main results(1.10) and (1.11).
L
2 -CONCRETE SPECTRAL ANALYSIS OF THE MAGNETIC LAPLACIAN ∆ In this section, we recall some spectral properties on the L 2 − concrete spectral analysis of the magnetic Laplacian in the space of the L 2 − function on C n , with respect to the Gaussian measure [4] , [5] , and [3] .
Let us fix some notations. For p, q ∈ Z + and let H(p, q) denotes the space of restriction to the sphere S 2n−1 = {ω ∈ C n , |ω| = 1} of the Euclidean harmonic polynomials on C n which are homogenous of degree p in z and degree q in z. The dimension d(n, p, q) of H(p, q) is as follows. For n=2,3,. . . , we have
and for n=1, we make the convention pq = 0; then d(1, p, q) = 1; See [10] . For a complex number τ , we denote by A 2 τ (C n ) the space of eigenfunctions f of ∆. That is
2) The concrete description of this eigenspaces is given by the following. proposition [5] Let τ ∈ C. Then, we have:
and only if it can be expanded in the form
where
In [3] , we have proved the essentially self-adjointnees of the the operator ∆ with the space
. Also, the corresponding spectral family [20] of ∆ has been given by the following proposition.
Proposition 2.1. The spectral family of the operator ∆ is given the following integral operator on L 2 (C, e −|z| 2 dν(z)) :
([λ]=the greatest integer not exceeding λ.) For our goal, that of expressing the phase-deformed magnetic Berezin transform in termes of magnetic Laplacian ∆, we will need to give its spectral function [9] . Precisely, we have the following proposition.
Proposition 2.2. The spectral function associated the self-adjoint operator ∆ is given by:
where δ(λ − m) is the Dirac delta generalized function at the point m.
proof. By a simple derivation of the equation (2.6) in the distributional sense, with the use of the jumps formula (see formula (6.16) in [19] , p.101), is not hard to see that the kernel (spectral function)
is given by:
for j = k and α = n − 1, the equation (2.7) becomes:
This ends the proof.
Remark 2.1. For a suitable function g : R → C, the operator g( ∆) acts on L 2 (C n , e −|z| 2 dν(z)) by the following formula:
10)
where Ψ g (z, w), is the Schwartz kernel given by:
Where the right hand side of the equations (2.10) and (2.11) are understood in the distributional sense.
be the Schrödinger operator with uniform field on R 2n , we can transform H to obtain the Magnetic Laplacian ∆. Precisely, we have:
Where
phase deformed magnetic Berezin transform and the magnetic Laplacian
In a first part of this section, we show that the phase-deformed magnetic Berezin transform is a bounded operator. The second part will be reserved to establish the two formulas expressing the phase-deformed magnetic Berezin transform as a function of the magnetic Laplacian operator.
As given in the introduction, we recall that the phase-deformed magnetic Berezin transform acting on Hilbert space L 2 (C, e −|z| 2 dν(z)), is given by:
(3.1) We have the following proposition. 
Proof. From (3.1),for ϕ ∈ L 2 (C, e −|z| 2 dν(z)), we have:
(3.3) By using the well known inequality,
the inequality (3.3) becomes:
|w| 2 |ϕ(w)|dν(w).
(3.4) The inequality (3.4) can be rewritten as:
where, B m is the Berezin transform defined in (1.6). From the inequality (3.5), we obtain:
Then, by using the following inequality see [2] , p.4,
for ψ(.) = e − |.| 2 |ϕ|(.)], we get:
This ends the proof. Now, we shall express the deformed Berezin transform as a function of the magnetic Laplacian on C n .
Theorem 3.1. Let m ∈ Z + , then the phase deformed magnetic Berezin transform B m can be expressed in terms of the magnetic Laplacian ∆ as
Proof.Let g = g m;n : R → C, be a Borel function such that 
By using (2.11), we are lead to consider the following equality:
(3.11) The equation (3.11) can be rewritten as:
where we have set x = |z − w| 2 and
By using the orthogonality relation of the Laguerre polynomials {L n−1 k
, p.37,56] the Fourier coefficient h(k), is given by:
(3.14)
Making use of the formula [14] , p.56 :
for α = n − 1 and j = k, to obtain: (3.17) where the coefficients are given in terms of 3 F 2 hypergeometric function [ [15] , p.159] as
for the particular case α = n − 1 and p = q = m. We obtain
By inserting (3.19) in (3.16), we obtain:
Next, making use of the identity [ [11] ,p. 809]:
and (3.16) becomes
Now, if we extend the function h to the set of real numbers by:
For λ ≥ 0 and h(λ) = 0 if λ < 0. This function is well defined and satisfies the equation (3.12) . Then, as function g satisfying (3.13), we can set:
For λ ≥ 0 and g(λ) = 0 if λ < 0. Now, is not hard to see that the coefficient g(k) satisfies the following estimate:
(3.26) where, τ n,m is a positive constant and P n,m (k) is a polynomial of degree at most equal to 2m + n.
On the other hand, according to the equation (7.6.11) in [ [18] ,p173], we have for a fixed α > −1 and ω a positive constant, the following asymptotic behavior,
where x is a fixed number in [0, ω]. Then, by the estimate (3.26) and the asymptotic behavior (3.27) considered for α = n − 1, x = |z − w| 2 and ω be a fixed number such that 0 ≤ x ≤ ω, one can easily show that we have the following inequality:
where Cn, m is a positive constant and k sufficiently large. This last inequality ensures that the right hand side of the equation (3.11) and the kernel Ψ g (z, w) given by (2.11) are well defined. To close the proof of the theorem, it remains to justify that the operator g( ∆) given by (2.10) is well defined as densely operator.
For this, let us consider a C ∞ − function ϕ with compact support in C n .
Recall that the right hand side of the equation (2.10) is understood in the distributional sense. So, the action of the operator g( ∆) on the function ϕ is given by:
where ϕ ∞ = sup w∈supp(ϕ) |ϕ(w)| and supp(ϕ) means the compact support of the function ϕ. By using the change of variable ξ = z − w, in the involved integral in the right hand side of the inequality (3.31), we obtain:
By applying the cauchy-Schwartz inequality to this last integral, we get:
Now, let us compute the two involved integrals in the right hand side of the inequality (3.33) . For this, we use the polar coordinates z = ρω, ρ > 0 and ω ∈ S 2n−1 . Then, the first integral takes the following form
, is the area surface of the unit sphere in C n . Next, by using the change of variable s = ̺ 2 , the last integral in (3.34) becomes
Finally, by using the formula (3.15), for j = k and α = n − 1, the integral given in (3.35) becomes:
For the second integral involved in the right hand side of the inequality (3.33), we recognizing the well known Gaussian integral:
Now, taking into account of the previous expressions from (3.30), we get the following inequality:
39) where κ(ϕ, n, z) = 2π n Γ(n) ϕ ∞ e |z| 2 . Since the right hand side of (3.39) has a polynomial growth with respect to k as variable, then by using the inequality (3.26) is not hard to show that we have the following estimate
where ϑ(z, ϕ, n) is a positive constant and k sufficiently large. This last inequality ensures that the right hand side of the equation (2.10) is well defined, that is the operator g( ∆) is densely defined on L 2 (C, e −|z| 2 dν(z)) with C ∞ 0 (C n ) as its natural regular domain and satisfies the equation (3.10) . This ends the proof. 
, and α = n−1. This identity has been considered by Szego (1933) and Askey, and also by Gasper in connection with K.O. Frederic and H. Lewy problem.
Another way to write the phase-deformed Berezin transform B m , as a function of the magnetic Laplacian ∆ is as follows. Proof. we return back to (3.16) and we make use of the Feldheim formula [16] , which expresses the product of Laguerre polynomial as a sum of monomial terms 
